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AN ALGORITHM FOR SHAPE OPTIMIZATION IN ELLIPTIC SYSTEMS

I.N, KANDOBA

The problem of determining the shape of the simply connected cross-section
of an elastic homogeneous prismatic rod which has the maximum torsional
rigidity is considered. The cross-section has to belong to a given set
in two-dimensional Euclidean space and the usual isoperimetric constraint
is imposed on its area. A method of successive approximations is given
for finding the shape. At each approximation the level line of the
solution of a boundary value problem in a domain which is chosen in a
special way from the previous approximation is taken.

Suppose that, in Euclidean space R?, we are given the bounded closed set D. Let O be the
set of all simply connected open domains G of R? which belong to the set D. For each
domain G of 0, bounded by the closed Jordan curve [, U(T;p) 1is the solution of the boundary
value problem (A is the Laplace operator)

— AU p=1,p=6G UL p=0,p=T (1)

Suppose we are given the functional J (I) = §{z U(T; p)dp and the quantity P: mes (D) > P >
0, where mes(G) is the Lebesgue measure of G, We wish to find the element G° of O (and
its boundaxry [°) such that

J () =sup {J () |G = 0, mes (G) = P} 2)
We know /1, 2/ that a necessary condition for optimality of the contour I* is

|VU X% p) | =42, pe=T°N\ oD

3)
VU p) | =M, pesT° ) oD (

Here, A is a constant.

Note that this problem is only of interest when the set [ and the guantity P are such
that 0 does not include a domain of circular shape of measure P, Otherwise, the solution
of problem (2) is cbvious, see /3/.

We introduce the notation

G=GUT, ¢cT)=max {U(; p) | p =G}
IT) =0, c@), Le={p=GIUT; p)=c}
B ={l. e 1)}

Theorem 1. Let G be a domain of 0. Then, given any closed Jordan contour *ca
and any ce& 1 (), we have

J(T) — § et (p)dp =7 (1% — § @ (p)dp (4

N H*
R, =G \G* R*=0"\G,; o(p)=|YUT;p), p=6

Here, G, and G* are the domains bounded by I'. and I'* respectively.

For the proof, we use the method given in /4/. Given any a < B (o, P= 7 (), we define
the sets

Spoa = G \Gpy  Spo = G* [ Spor
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Gh =Gy (1G*, 1, =T1%: ¢,
Vo = Fv, H G*v Fu* = [u U Ve

We fix some ce 7 (D).

The proof is in two stages,

1°. We first show that (4) holds under the auxiliary assumptions with respect to the
contours I, and T*: b) G, G*, b) I'* is a continucusly differentiable curve which has not
more than a finite number of points of intersection with any contour TI,, a1 (I).

Put R,* = Go* \ G,, where oI () (Fig.l).

We introduce the auxiliary function

o(a) =T (%) — S @2 (p)dp, a = (c* )

Ry ¥

o* = inf {a = 1(T)[G* S Go)
Clearly,

ot =7T*— ¢(p)dp, o@)=7IT,)

Rr*

It is therefore sufficient for the proof to show that o (¢) > o (¢*).
We will show that the function o () is monotonically increasing in the intexval (c*, ¢).
For this, we show that, given any o & (c* ¢) and any § = (0, ¢ —a), we have
o (@4 8) — o (2} =0 () (5)
We consider the equation
o+ 8 —w(@=4—B~C
A= epyap, B= § vhepdp
6* G’r:m
=S U@ dp, Se* = Sa*\ S

Sg*x

1 (Thie; p) = U (T p) — U (Thass )

Using Green's formula, we make the following transformations (the integration with
respect to . is made over the set yuso):

— Ve ) BU % pydp = § U (0% ) DLV (Ui p) L —
/+6

SU(Fa*,p)D.lL (T ,p)dl=SU(Fa*;p)Dn(U (% p) — U (Tauss p)) dl —
VU (¥, p) DU (T pydl = §[FU (Thas; p)| U (U )l

Here, D, is the directional derivative along the outward normal to the relevant contour.
Since U(; p)>»>0 in G /5/, it follows from the maximum principle for harmonie functions
that, for any a & (¢*, ¢)y p & Go* J Yor We have U (Ty; p)> U(a*; p). Here, obviously,

U(Ta; p) = U (L5 p) — (6)

Hence, given any a = (c*,¢) and p & Yo, we have [VU([a; p) | > | VU (T'u*; p) |- Hence

o408 —w(@>4—~D—E

)
= S UTapydp, E= § [YU (T p)|U (T p)dp
Sg¥ Yo+6
By Green's formulaand (1), (2), (6), we have (Fig.2)
D=4 —~E—F
®

F= § Uwp) DU p)dl, Ly, s =l \Tuso

la, &
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Substituting Eq.(8) into condition (7), we obtain

ol@+d)—o@>F>—00, H= { |VUT:p|d

la, 8

since, by Eq.(6) and the definition of T, (@ =1 ([)), we have on [; s the inequality 0L
U ((Ta; p) <86

Fig.l

We calculate
0 lim - (8H) = lim B << M lim lenl, o
80 30 80

OKM < max {|VU (T; p)| | p= Gee}

(len lo,s is the length of Ige): By condition b), we finally obtain limlenly,s =0 as
8 =~ 0. Hence inequality (5) holds, which it was required to prove.

20, Under the general assumptions made in the theorem, we can choose a sequence of
domains {G,*}im; such that, for any k, the contour TI,* which bounds the domain G,* of

the sequence satisfies condition b), while lim J ([*) = J (I'*) as & — oo. We can thus exclude
condition b) made at the first stage of the proof. On the other hand, we can show that,
given any aes I (F): a<c, we have

Iy =J(T)+ § e*pdp

Se-q

Hence follows the theorem for the contour UTg.
By the e€-neighbourhood of the domain G of 0 we mean the domain

G(e) = UﬁB(p,e), B(p,e)y={g= R*||p—q|<e}, e>0

=2

Throughout, I () dJdenotes the boundary of domain G (¢). Consider a domain G of 0. Let the

contour I' have the bounded curvature 0 < x < oo, where x =% (I)=max{x([;p)lpesT}) =T,
p) is the curvature of I' at the point p. Let &(I') =1/ (D).
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In this case, we define for domain G in (0, e ()] the function (Fig.3):

Fiey=—{§ U2 pyap— § U2 (ei0)dg)
Rxe Hle —
Ul p)=UT(ehp; B =G"\G R®=G6\G"
GC=0:T°=B(T'(e), mesG®=mesG

Clearly, F(T; e)>0, e (0, ¢ ().

Theorem 2. Let the domain G of O satisfy the following conditions: a) mes G = P,
b) the contour TI'e (! and has the bounded curvature %, ¢) F(T; &) > Ce, C >0, 4d) there
exists 8§ (I)e (0, e(I')] such that, for any 0<e<C{8 (), the curve It is a simply con-
nected contour. Then, there exists 0 < g, <( 6 (') such that, given any 0< &< &, we have

J (9> J(I)
Before turning to the proof, we will make some preliminary remarks: first, for any domain

G of 0 and many Q < mes G, there exists ¢ 71 (I): mes (G,) = @ /6/; and second, by the
definition of ¢ (T), G(e) =0, Ve = (0, 8 (D).

Consider any e = (0, 6 (I)]. By the above, there exists c¢(g) & I (T (¢)) such that mes G, =
P, and by Theorem 1, we have

J(I) — @, > J () — D,
D, = % 2 (e p)dp, @y = S 9% (&3 p)dp

R R,
o p)=|VU(e p)|, pEG()

We define the auxiliary function @ (I'; ¢) = @, — ®,. Note some of its properties: 1)
oI; 00=0 for any domain G & 0, 2) the function ® (I'; &) is continuous with respect to
€ in (0, 6 (), see /7/.

To prove the theorem, it suffices to show that, for sufficiently,small €, we have

P[5 e) —O(F; 0) =D (I ¢) >0 9)

Consider an arbitrary point p* of R,®. By the definition of e(I') and T (¢), for the
point p* we can give on the contours I' and TI'(¢) the points p, and p, respectively
such that p* lies on the-segment L (p,, p,) which joins p, and p,. Also, the segment
L (p,, p,) 1is perpendicular to the curves I' and T (g) at their respective points.

By the formula of finite increments, we have

U(e; p*) = (VU (& po)y pr— ) I p* ~pal, Po & L(p Po)
Hence, since ¢ (8; p) 1is continuous in G (¢), we have
Ue: p*) = (@ (& p*)+ ¢ (& p*) | p* — 12l

Here, the function 4 ({e; p) is continuous with respect to p in M (¢), where M () = (G (g) \\

G)|JRF; and P{e; p)—>0 as i— o for any sequences {e;},, {p:}, such that P
M) and € —0 as i— oo,
Further, by the definition of K%, we have

U2 (e; p*) < €2 (@* (&; p*) + o (e; p*))
o (g1 p) = 2¢ (5 p) (&7 p) -+ ¢° (& p)

We can show in the same way that' L'{e; ¢*) >&2(¢*(e: ¢¥)+ o({e; ¢%)), where ¢* is any point
of Rgzt

In all, we have F (T; €) < @ (I'; ¢) + 3K (; ) leaT

K(T: &) = max {o (e p) |pe M ()} —min{o(e: q) |g= M ()}

Hence @D (T; &) > (C — K (I'; &) lenT) e. It is now obvious that K (I'; ¢) >0 as e — 0,
whence (9) follows.

It may be observed that condition d) of the theorem holds at least for domains on whose
boundary the modulus of the gradient of the solution of problem (1) is greater than zero. As
regards condition ¢), this is the hypothesis that the condition holds for domains which do not
satisfy condition (3).

On the basis of Theorems 1 and 2, we give a numerical -algorithm for constructing maximiz-

ing sequence of the domains {G.}ip in problem (2).
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1) The initial domain G, can be found from intuitive considerations. But it is best
to take p (D; Gy) >+ 0. Here, p(D;G) = min{d (¢, T) [ D}, where d(g,T)=min{l¢g—pllp=T}.

2) As the next texrm of the sequence we take the domain Gy = G™1, vwhere I(=TI"1g
B (T (ex-1))-
3) We check the condition for ending the calculations:

mes (§G,) < 8P or

Gx:Ver >0 G ) (REND) = o
where O8Gy = (G, \ Gy U (G-t \ G); 8P >0 1is a pre-assigned quantity.

4) If condition (10) is not satisfied, we take 0 < g, <8 (Ty) such that a) @ (Ty; &) >
0; b) G,y D and pass to step 2).

We assume in the algorithm that all the domains (, satisfy the constraints of Theorem
2.

Note that this algorithm is related to the numerical method used in /8/ for minimizing
heat flow.

Numerical simulation shows that, along ocur sequence of domains, an improvement in fact
occurs for the performance functional J, We see a decrease of p(D; Gy) to zero and a fall
in the error of the modulus of the gradient of the solution of problem (1) at the boundary
of each successive domain., If the constraint GC DU is not essential, we see convergence
of the sequence {Gi}ie to a circle. Our method can also be used for some related prcblems

(optimization of a doubly-connected section /9/, or minimization of a heat flow /4, 10/).

The main attention has been paid in the literature to optimization methods in problems
without constraints of the inclusion type GC D on the shape of the rod cross-section.
Some of these algorithms may be found in /1, 2, 9/.

It must be said that the methods in /1, 2, 9/ make explicit use of the necessary con-
dition (3} for optimality; an improvement in the accuracy of approximation to the optimal
contour involves either an increase in the dimensionality of the non~linear system of algebraic
equations which is solved in /2, 9/, or the need in /1/ to consider more and more complicated
boundary value problems; when there are constraints of the type 6cCD on the shape of the
rod cross-section, it is doubtful whether these methods can be used.

The author thanks Yu,S, Osipov for suggesting the problem and for his interest, and
A.P, Suetov for useful discussions and remarks,

REFERENCES

1. BANICHUK N.V., Optimization of the Shapes of Elastic Bodies, Nauka, Moscow, 1980.

2. KURSHIN L.,M,, On finding the cross-~sectional shape of a rod of maximum torsional rigidity,
Dokl, Akad. Nauk SSSR, 223, 3, 1975.

3. POLYA G, and SZRGO G,, Isoperimetric Inequalities in Mathematical Physics, Princeton Univ.
Press, 1951.

4. ACKER A., Heat flow inequalities with applications to heat flow optimization prcblems,
SIAM J, Math. aAnal,, 8, 4, 1977,

5. STEIN I., Singular Integrals and Differential Properties of Functions, Mix, Moscow, 1973.

6. LADYZHENSKAYA O.A. and URAL'TSEVA N.N., Linear and Quasilinear Elliptic Equations, Nauka,
Moscow, 1973.

7. KREIN G,, Behaviour of the solutions of elliptic problems when the domain varies, Stud.
Mat., 31, 4, 1968.

8., ACKER A., Free boundary optimization: A constructive iterative method, Z. Angew. Math.
und Phys., 30, 6, 1979,

9, KURSHIN L.M. and ONOPRIYENKO P.N,, Determination of the shapes of doubly-connected cross-
sections of rods of maximum torsional rigidity, PMM, 40, 6, 1976,

10. VOLKOV M.A., Numerical solution of an optimization problem with unknown boundary, Vestn.
MGU, Ser. Vychisl. Mat. i Kibernetika, 3, 1984.

Translated by D.E.B.



